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Abstract. We consider the multivariate interlace polynomial introduced by Cour-
celle (2008), which generalizes several interlace polynomials defined by Arratia,
Bollobás, and Sorkin (2004) and by Aigner and van der Holst (2004). We present
an algorithm to evaluate the multivariate interlace polynomial of a graph with
n vertices given a tree decomposition of the graph of width k. The best previ-
ously known result (Courcelle 2008) employs a general logical framework and
leads to an algorithm with running time f(k) · n, where f(k) is doubly expo-
nential in k. Analyzing the GF (2)-rank of adjacency matrices in the context of
tree decompositions, we give a faster and more direct algorithm. Our algorithm
uses 23k2+O(k) · n arithmetic operations and can be efficiently implemented in
parallel.

1 Introduction

Inspired by some counting problem arising from DNA sequencing [1], Arratia, Bol-
lobás, and Sorkin defined a graph polynomial which they called interlace polynomial
[2]. It turned out that the interlace polynomial is related [2, Theorem 24] to the Martin
polynomial, which counts the number of edge partitions of a graph into circuits. This
polynomial has been defined in Martin’s thesis from 1977 [3] and generalized by Las
Vergnas [4]. Further work on the Martin polynomial has been pursued [5, 6, 7, 8, 9, 10],
including a generalization to isotropic systems [11, 12, 13, 14]. In particular, the Tutte
polynomial of a planar graph and the Martin polynomial of its medial graph are related.
This implies a connection between the Tutte polynomial and the interlace polynomial
(see [15] for an explanation).

One way to define the interlace polynomial is by a recursion that uses a graph opera-
tion. Arratia et. al. used a pivot operation for edges [2]. This operation is a composition
of local complementations to neighbour vertices (see [16], where the operations are
called switch operations). The orbits of graphs under local complementation are related
to error-correcting codes and quantum states, and so is the interlace polynomial as well
[17].

The interlace polynomial can also be defined by a closed expression using the
GF (2)-rank of adjacency matrices [16, 18, 19]. This linear algebra approach has been
used in several generalizations of the interlace polynomial. In this paper, we consider
the multivariate interlace polynomial C(G) defined by Courcelle [20] (see Definition 1
below) as it subsumes the two-variable interlace polynomial of Arratia, Bollobás, and
Sorkin [21] and the weighted versions of Traldi [22], as well as the interlace polynomi-
als defined by Aigner and van der Holst [16]. Furthermore, the interlace polynomials



Q(x, y) and QHN
n , which have emerged from a spectral view on the interlace polyno-

mials [23], are also special cases of Courcelle’s multivariate interlace polynomial.

Results and Related Work. Our aim is to present an algorithm that, given a graph G =
(V,E) and an evaluation point, i.e. a tupel of numbers ((xa)a∈V , (ya)a∈V , u, v), eval-
uates the multivariate interlace polynomial C(G) at ((xa)a∈V , (ya)a∈V , u, v). Whereas
this is a #P-hard problem in general [24], it is fixed parameter tractable with cliquewidth
as parameter [20, Theorem 23, Corollary 33]. This is a consequence of the fact that the
interlace polynomial is a monadic second order logic definable polynomial. Such graph
polynomials can be evaluated in time f(k) · n, where n is the number of vertices of the
graph and k is the cliquewidth. The function f(k) can be very large and is not explicitly
stated in most cases. In general, it grows as fast as a tower of exponentials the height of
which is proportional to the number of quantifier alternations in the formula describing
the graph polynomial [20, Page 34]. In the case of the interlace polynomial, this formula
involves two quantifier alternations [20, Lemma 24], [25]. If a graph has tree width k,
its cliquewidth is bounded by 2k+1 [26]. Thus, the machinery of monadic second order
logic implies the existence of an algorithm that evaluates the interlace polynomial of
an n-vertex graph in time f(k) · n, where k is the tree width of the graph and f(k) is
at least doubly exponential in k. (In particular, the interlace polynomial of graphs of
treewidth 1, that is, trees, can be evaluated in polynomial time, which also has been
observed by Traldi [22].)

The monadic second order logic approach is very general and can be applied not
only to the interlace polynomial but to a much wider class of graph polynomials [27].
However, it does not consider characteristic properties of the actual graph polynomial.
In this paper, we restrict ourselves to the interlace polynomial so as to exploit its spe-
cific properties and to gain a more efficient algorithm (Algorithm 1). Our algorithm
performs 23k2+O(k)n arithmetic operations to evaluate Courcelle’s multivariate inter-
lace polynomial (and thus any other version of interlace polynomial mentioned above)
on an n-vertex graph given a tree decomposition of width k (Theorem 13). The al-
gorithm can be implemented in parallel using depth polylogarithmic in n, see the full
version of this work [28, Section 7]. Apart from evaluating the interlace polynomial,
our approach can also be used to compute coefficients of the interlace polynomial [28,
Section 7], for example so called d-truncations [20, Section 5]. Our approach is not via
logic but via the GF (2)-rank of adjacency matrices, which is specific to the interlace
polynomial.

Obstacles. It has been noticed that the Tutte polynomial and the interlace polynomial
are similar in some respect. These similarities suggest that evaluating the interlace poly-
nomial using tree decompositions might work completely analogously to the respective
approaches for the Tutte polynomial [29, 30]. This is not the case because of the fol-
lowing facts that distinguish the interlace polynomial from the Tutte polynomial: First,
the graph operation that is used in the recursive definition of the interlace polynomial
is not compliant with tree decomposition (i.e. can increase the treewidth). Second, the
recurrence for the multivariate interlace polynomial is very complicated. Third, the “be-
haviour” of the rank involved in the definition of the interlace polynomial is not as be-



nign as the rank used for the Tutte polynomial (cf. also the beginning of Sect. 3). We
discuss these issues in more detail in the full version of this work [28].

Outline. Section 2 contains the definition of Courcelle’s multivariate interlace poly-
nomial, which we will consider in this work. We will also fix our notation for tree
decompositions there. In Sect. 3 we give the general idea of our approach. Section 4
and 5 provide technical details, and in Sect. 6 we describe our algorithm. Due to space
limitations we have to omit some details and most of the proofs. These can be found in
the full version of this work [28].

Acknowledgement. We would like to thank Bruno Courcelle and the anonymous refer-
ees for their helpful comments on previous versions of the paper, which led to a reduc-
tion of the running time bound.

2 Preliminaries

We consider undirected graphs without multiple edges but with self loops allowed. Let
G = (V,E) be such a graph and A ⊆ V . By G[A] we denote the subgraph of G induced
by A, i.e. (A, {e | e ∈ E, e ⊆ A}). G∇A denotes the graph G with self loops in A
toggled, i.e. the graph obtained from G by performing the following operation for each
vertex a ∈ A: if a has a self loop, remove it; if a does not have a self loop, add one.

The adjacency matrix of G is a symmetric square matrix with entries from {0, 1}.
As the matrices that we will consider are adjacency matrices of graphs, we use vertices
as column/row indices. Thus, the adjacency matrix of G is a V × V matrix M =
(muv) over {0, 1} with muv = 1 iff uv ∈ E. Furthermore, we will refer to entries
and submatrices by specifying first the rows and then the columns: the (u, v)-entry of
M = (muv) is muv , the A × B submatrix of M is the submatrix of the entries of M
with row index in A and column index in B. All matrix ranks will be ranks over the
field with two elements, {0, 1} = GF (2), i.e. + is XOR and · is AND. Slightly abusing
notation we write rk(G) for the rank of the adjacency matrix of the graph G. The nullity
(or co-rank) of an n × n matrix M is n(M) = n − rk(M). If G is a graph, we write
n(G) for the nullity of the adjacency matrix of G.

Graph polynomials are, from a formal perspective, mappings of graphs to polyno-
mials that respect graph isomorphism. We will consider a multivariate graph polyno-
mial, the multivariate interlace polynomial. To define such a polynomial, one has to
distinguish “ordinary” indeterminates from G-indexed indeterminates. For instance, x
being a G-indexed indeterminate means that for each vertex a of G there is a different
indeterminate xa. If A ⊆ V , we write xA for

∏
a∈A xa. Also, if S is a set, we write∑

S for the sum of all the elements in the set.

Definition 1 (Courcelle [20]). Let G = (V,E) be an undirected graph. The multivari-
ate interlace polynomial is defined as

C(G) =
∑

{xAyBurk((G∇B)[A∪B])vn((G∇B)[A∪B]) | A,B ⊆ V,A ∩B = ∅},

where u, v are called ordinary indeterminates and x, y G-indexed indeterminates.



Tree Decompositions. We borrow most of our notation from Bodlaender and Koster
[31]. A tree decomposition of a graph G = (V,E) is a pair ({Xi | i ∈ I}, T = (I, F ))
where T is a tree and each node i ∈ I has a subset of vertices Xi ⊆ V associated to it,
called the bag of i, such that the following holds:

1. Each vertex belongs to at least one bag, that is
⋃

i∈I Xi = V .
2. Each edge is represented by at least one bag, i.e. for all e = vw ∈ E there is an

i ∈ I with v, w ∈ Xi.
3. For all vertices v ∈ V , the set of nodes {i ∈ I | v ∈ Xi} induces a subtree of T .

The width of a tree decomposition ({Xi}, T ) is max{|Xi| | i ∈ I} − 1. The treewidth
of a graph G, tw(G), is the minimum width over all tree decompositions of G.

Computing the treewidth of a graph is NP-complete. But given a graph with n
vertices, we can compute a tree decomposition of width k (or detect that none exists)
using Bodlaender’s algorithm in time 2O(k3)n [32].

To evaluate the interlace polynomial we will use nice tree decompositions. Note that
our definition slightly deviates from the usual one1. This has no substantial influence on
the running time of the algorithms discussed in this work but it simplifies the presenta-
tion of our algorithm. In a nice tree decomposition ({Xi}, T ), one node r with |Xr| = 0
is considered to be the root of T , and each node i of T is of one of the following types:

– Leaf: node i is a leaf of T and |Xi| = 0.
– Join: node i has exactly two children j1 and j2, and Xi = Xj1 = Xj2 .
– Introduce: node i has exactly one child j, and there is a vertex a ∈ V with Xi =

Xj ∪ {a}.
– Forget: node i has exactly one child j, and there is a vertex a ∈ V with Xj =

Xi ∪ {v}.

A tree decomposition of width k with n nodes can be converted into a nice tree
decomposition of width k with O(n) nodes in time O(n) · poly(k) [33, Lemma 13.1.2,
13.1.3].

For a graph G with a nice tree decomposition ({Xi}, T ), we define

Vi =
(⋃

{Xj | j is in the subtree of T with root i}
)
\Xi and Gi = G[Vi].

We can think of Gi as the subgraph of G induced by all vertices that have already been
forgotten below node i.

3 Idea

We will now sketch our idea how to evaluate the interlace polynomial. Our approach is
dynamic programming. Let G be a graph for which we want to evaluate the interlace
polynomial and ({Xi}, T ) a nice tree decomposition of G. For each node i of the tree
decomposition, we have defined the graph Gi that consists of all vertices in the bags

1 Usually, there is no special restriction on the bag size of the root node, and the leaf nodes
contain exactly one vertex.



below i that are not in Xi. We will compute “parts” of the interlace polynomial of Gi.
These parts are essentially defined by the answer to the following question: How does
the rank of the adjacency matrix of some subgraph of Gi increase when we add (some
or all) vertices of Xi? For the leaves these parts are trivial. Our algorithm traverses the
tree decomposition bottom-up. We will show how to compute the parts of an introduce,
forget, or join node from the parts of its child node (children nodes, resp.). At the root
node, there is only one part left. This part is the interlace polynomial of G.

Before we go into details, let us remark that the answer to the above question (“How
does the rank of the adjacency matrix increase when adding some vertices?”) depends
on the internal structure of the graph being extended. Consider the situation in the upper
half of Fig. 1. If we extend the graph by the black vertices, the rank increases by 2. But
in the situation depicted in the lower half of Fig. 1, the same extension causes a rank
increase by 4.2

Fig. 1. Rank over GF (2) of the adjacency matrix may
increase by 2 (from 2 to 4, upper half) or by 4 (from 2
to 6, lower half), even if the same extension is used.

Fig. 2. Adjacency matrix of G[V ′ ∪ U ]
after symmetric Gaussian elimination
using V ′. Empty entries are zero.

Let us see how we handle this issue. We start with the following definition.

Definition 2 (Extended graph). Let G = (V,E) be some graph, V ′, U ⊆ V , V ′∩U =
∅. Then we define G[V ′, U ] to denote G[V ′ ∪ U ] and call G[V ′, U ] an extended graph,
the graph obtained by extending G[V ′] by U according to G. We call U the extension
of G[V ′, U ].

Let us fix an extension U . We consider all V ′ ⊆ V (G) such that G[V ′] may be
extended by U according to the input graph G. For any such extended graph we ask:
“How does the rank of G[V ′] increase when adding some vertices of U?”. Our key

2 This phenomenon distinguishes the interlace polynomial from the Tutte polynomial. In the
case of the Tutte polynomial, the rank increase would be the same in both situations as it only
depends on the extension and how it is connected to the graph being extended.



observation is that the answer to this question can be given without inspecting the actual
G if we are provided with a compact description (of size independent of n = |V (G)|),
which we call the scenario of G[V ′, U ].

The scenario of G[V ′, U ] (Definition 5) will be constructed in the following way.
Consider M , the adjacency matrix of G[V ′ ∪ U ]. Perform symmetric Gaussian elim-
ination on M using only the vertices in V ′ (for the details see Sect. 4). The resulting
matrix M ′ is symmetric again and has the same rank as M . Furthermore, M ′ is of a
form as in Fig. 2: The V ′×V ′ submatrix is a symmetric permutation matrix with some
additional zero columns/rows. The nonzero entries correspond to edges or self loops
(not of the original graph G but of some modified graph that is obtained from G in a
well-defined way) “ruling” over their respective columns/rows: The edge between v1

and v8 rules over columns and rows v1 and v8. Here, “to rule” means that the only 1s
in these columns and rows are the 1s at (v1, v8) and (v8, v1). Similarly, the self loop at
vertex v5 rules over column and row v5. The columns and rows that are ruled by some
edge or self loop in V ′ are also empty (i.e. entirely zero) in the U × V ′ submatrix of
M ′. Some columns/rows are not ruled by any edge or self loop in V ′, for instance col-
umn/row v4. This is because there is neither a self loop at vertex v4 nor does it have a
neighbor in V ′. However, v4 may have neighbors in U . Thus, column v4 of the U × V ′

submatrix may be any value from {0, 1}U , which is indicated by the question marks.
Also, the contents of the U × U submatrix is not known to us.

Let us choose a basis of the subspace spanned by the nonzero columns of the U×V ′

submatrix and call it sU×V ′
. Let sU×U be contents of the U × U submatrix. By this

construction, we are able to describe the rank of M ′ as the rank of its V ′×V ′ submatrix
plus a value that can be computed solely from sU×V ′

and sU×U .
This will solve our problem that the rank increase depends on the internal struc-

ture of the graph G[V ′] being extended: all we need to know is the scenario s =
(sU×V ′

, sU×U ) of G[V ′, U ]. From s, without considering G[V ′], we can compute in
time poly(|U |) how the rank of the adjacency matrix of G[V ′] increases when we add
some vertices from U . This motivates the following definition.

Definition 3 (Scenario). Let U be an extension, i.e. a finite set of vertices. A scenario of
U is a tuple s = (sU×V ′

, sU×U ) where sU×V ′
is an ordered set of linear independent

vectors spanning a subspace of {0, 1}U and sU×U is a symmetric (U ×U)-matrix with
entries from {0, 1}. A scenario for k vertices is a scenario of some vertex set U with
|U | = k.

Let us come back to the evaluation of the interlace polynomial of G using a tree
decomposition. Recall that at a node i of the tree decomposition we want to compute
“parts” of the interlace polynomial of G[Vi]. Essentially every scenario s of Xi will
define such a part: The interlace polynomial itself is a sum over all induced subgraphs
with self loops toggled for some vertices. The part of the interlace polynomial corre-
sponding to scenario s will be the respective sum not over all these graphs but only over
the ones such that s is the scenario of G[Vi, Xi]. This will lead us to (1) in Sect. 6.

The time bound of our algorithm stems from the following observation: The number
of parts managed at a node i of the tree decomposition is essentially bounded by the
number of scenarios of its bag Xi. This number is independent of the size of G and
single exponential in the bag size (and thus single exponential in the treewidth of G):



Lemma 4. Let U be an extension, i.e. a finite set of vertices, |U | = k. There are less
than 2(3k+1)k/2 scenarios of U .

4 Symmetric Gaussian Elimination

We want to convert adjacency matrices into matrices of a form as in Fig. 2 without
touching the rank. In order to achieve this, we introduce a special way of performing
Gaussian elimination that differs from standard Gaussian elimination in the follow-
ing way. First, it is symmetric, as in general every column operation is followed by
a corresponding row operation. In this way, we maintain the correspondence between
rows/columns of the matrix we are manipulating and vertices of a graph. Second, we
adhere to a particular order when deciding which entry to use for the next pivot op-
eration. This order is (partially) fixed by the tree decomposition. It is crucial for our
proofs of the statements in Sect. 5 that the elimination process proceeds according to
this order. Third, we perform symmetric Gaussian elimination using only vertices in a
subset V ′ of the vertices: When seeking a pivot entry in a particular row/column, we do
not consider all entries of the row/column but only the ones that correspond to edges
between vertices in V ′.

Eliminating with a Single Vertex. Assume we are given a graph G, its adjacency matrix
M , and a vertex v. A symmetric Gaussian elimination step on M using v is defined in
the following way:

– If v is an isolated vertex without a self loop, the result of the elimination step is just
M (cf. (1) in Fig. 3).

– If v has a self loop, there is a 1 in the (v, v)-entry of M . We add column v and row
v to the column and row of every neighbor of v. This transfers the matrix in a form
as depicted as (2) in Fig. 3.

– If v is neither isolated nor has a self loop, there is a neighbor u of v. The elimination
step is performed in a similar manner as elimination steps using self loops. The
result is of a form as (3) in Fig. 3. (We do not swap columns/rows, as we must keep
the vertices in a particular order that is determined by the tree decomposition.)

Fig. 3. Effect of a symmetric Gaussian elimination step. Adjacency matrix with isolated unlooped
vertex v (1), adjacency matrix after eliminating with a self loop at v (2), adjacency matrix after
eliminating with edge vu (3).



Eliminating with a Set of Vertices. Eliminating with a set of vertices V ′ means that we
perform an elimination step as described above for each vertex v ∈ V ′. But any edge vu
is used for an elimination step only if both, v and u, are in V ′. In the setting of Fig. 2,
this protects us from using the entries of the U × V ′ submatrix for elimination steps.

The order the vertices are processed in is given by a fixed vertex order of the graph
computed in the beginning. Also, if an unlooped vertex v has more than one neighbor
u in V ′, the minimum u with respect to the vertex order is chosen for the elimination
step.

The vertex order we use is obtained in the following way. Let a graph G and a
nice tree decomposition ({Xi}, T ) of G be given. We traverse the tree decomposition
bottom up. Whenever we reach a forget node that forgets vertex v, we assign the next
free position in the vertex order to v. This ensures that for all extended graphs G[Vi, Xi]
the vertices in Xi are greater then the vertices in Vi.

We also order vertex vectors (i.e. elements from {0, 1}U , U some vertex set) and
sets of vertex vectors according to the vertex order (lexicographically). This induced
order is used for choosing a “minimal” basis in the following definition.

Definition 5 (Scenario of an extended graph). Let G[V ′, U ] be an extended graph
obtained by extending G[V ′] by U according to graph G = (V,E). Let the vertex order
be such that v′ < u for all v′ ∈ V ′ and u ∈ U . Then the scenario scen(G[V ′, U ]) of
G[V ′, U ] is defined as follows: Let M be the adjacency matrix of G[V ′ ∪ U ]. Perform
symmetric Gaussian elimination on M using V ′ to obtain M ′. Let M ′

UV ′ be the U×V ′

submatrix of M ′. Consider the column space W of M ′
UV ′ . We can choose a basis

of W from the column vectors of M ′
UV ′ . Let sU×V ′

be the minimal such basis. Let
sU×U be the contents of the U × U submatrix of M ′. We define scen(G[V ′, U ]) to be
(sU×V ′

, sU×U ).

5 Scenarios and Nice Tree Decompositions

In this section we will collect lemmas that allow us to compute the parts of a join, forget,
and introduce node from the parts of its children nodes (child node, resp.).

Lemma 6 (Join). Let G = (V,E) be a graph, U ⊆ V , and s1, s2 two scenarios of
U . Then there is a unique scenario s3 of U such that the following holds: If G[V1]
and G[V2] are disjoint subgraphs of G that may be extended by U according to G,
scen(G[V1, U ]) = s1, and scen(G[V2, U ]) = s2, then scen(G[V1 ∪ V2, U ]) = s3.
Moreover, s3 can be computed from s1, s2 and G[U ] within poly(|U |) steps.

Definition 7. In the situation of Lemma 6 we write sjoin(s1, s2, G[U ]) for s3.

Lemma 8 (Introduce vertex). Let G = (V,E) be a graph, U ⊆ V , s a scenario of U ,
u ∈ V \ U . Then there is a unique scenario s̃ of Ũ = U ∪ {u} such that the following
holds: If G[V ′] may be extended by Ũ according to G, u is not connected to V ′ in G,
and scen(G[V ′, U ]) = s, then scen(G[V ′, Ũ ]) = s̃. Moreover, s̃ can be computed from
s and G[Ũ ] in poly(|U |) steps.

Definition 9. In the situation of Lemma 8 we write sintroduce(s, u,G[Ũ ]) for s̃.



Lemma 10 (Forget vertex). Let G = (V,E) be a graph, u ∈ U ⊆ V , Ũ = U \ {u},
Ṽ = V ′ ∪ {u}, and s a scenario of U . Then there is a unique scenario s̃ of Ũ and
r, n ∈ {0, 1, 2} such that the following holds: If G[V ′] is a subgraph of G that may be
extended by U according to G, u > v′ for all v′ ∈ V ′, and scen(G[V ′, U ]) = s, then
scen(G[Ṽ , Ũ ]) = s̃ and the rank (nullity) of the adjacency matrix of G[Ṽ ] equals the
rank (nullity, resp.) of the adjacency matrix of G[V ′] plus r (n, resp.). Moreover, s̃ and
r can be computed from s and G[U ] in poly(|U |) steps, and we have n = 2− r.

Definition 11. In the situation of Lemma 10 we write sforget(s, u,G[U ]) for s̃,
∆rforget(s, u,G[U ]) for r, and ∆nforget(s, u,G[U ]) for n.

The operation defined in Definition 11 deletes a vertex u from a scenario in the
sense that u is deleted from the extension but added to the graph being extended. We
also need a notation for deleting a vertex completely from a scenario, i. e. ignoring some
vertex of the extension.

Definition 12. Let s = (sU×V ′
, sU×U ) be a scenario of an extension U and u ∈ U .

Then signore(s, u) is the scenario obtained from s in the following way: Delete the u-
components from the elements of sU×V ′

to obtain s1. Choose the minimum (according
to the vertex order) basis s′1 for the span of s1 from the elements of s1 using standard
Gaussian elimination. Delete the u-column and u-row from sU×U to obtain s2. We
define signore(s, u) = (s′1, s2).

6 The Algorithm

Algorithm 1 evaluates the interlace polynomial using a tree decomposition. The input
for the algorithm is G = (V,E), the graph of which we want to evaluate the interlace
polynomial, and a nice tree decomposition ({Xi}I , (I, F )) of G with O(n) nodes, n =
|V |. In Sect. 2 we discussed how to obtain a nice tree decomposition. Let k − 1 be the
width of the tree decomposition, i.e. k is the maximum bag size.

Algorithm 1 essentially traverses the tree decomposition bottom-up and computes
parts S(i,D, s) of the interlace polynomial for each node i. One such part is defined in
the following way:

S(i,D, s) =
∑

{xAyBurk((Gi∇B)[A∪B])vn((Gi∇B)[A∪B]) |

A,B ⊆ Vi, A ∩B = ∅, scen(G′[A ∪B,Xi]) = s,

where G′ = G∇(B ∪D)},

(1)

where D ⊆ Xi and s is a scenario of Xi. Recall that we write
∑

S for the sum of
all the elements in S and that Vi is the set of vertices that have been forgotten below
node i. Thus, S(i,D, s) is the part of the interlace polynomial of G[Vi] correspond-
ing to D and s. Equation (1) shows that S(i, ∅, ((), ())) = 1 for leaves i. The value
S(r, ∅, ((), ())), where r is the root node, is just the interlace polynomial of G.

The parts of join and forget nodes are computed by Algor. 2 and 3. The parts of an
introduce node can be computed similarly.



Algorithm 1 Evaluating the interlace polynomial using a tree decomposition.
Input: Graph G, nice tree decomposition ({Xi}i, (I, F )) of G, k such that any bag Xi of the

tree decomposition contains at most k vertices
1: Compute a vertex order as described in Sect. 4
2: for all nodes i of the tree decomposition, in the order they appear in bottom-up traversal do
3: for all D ⊆ Xi do
4: if i is a leaf then
5: S(i, D, ((), ()))← 1
6: else if i is a join node then
7: JOIN(i, D)
8: else if i is an introduce node then
9: INTRODUCE(i, D)

10: else if i is a forget node then
11: FORGET(i, D)
12: return S(root, ∅, ((), ())) . Xroot = ∅

Algorithm 2 Computing the parts at a join node.
1: procedure JOIN(i, D)
2: for all scenarios s for |Xi| vertices do
3: . i.e., enumerate all pairs s = (sXi×V ′

, sXi×Xi) with sXi×V ′
being a list

4: of linear independent vectors from {0, 1}Xi and sXi×Xi a symmetric
5: Xi ×Xi matrix with entries from {0, 1} – cf. Def. 3
6: S(i, D, s)← 0

7: (j1, j2)← (left child of i, right child of i)
8: for all scenarios s1, s2 for |Xi| vertices do
9: s← sjoin(s1, s2, G∇D[Xi]) . Definition 7

10: S(i, D, s)← S(i, D, s) + S(j1, D, s1) · S(j2, D, s2)

Algorithm 3 Computing the parts at a forget node.
1: procedure FORGET(i, D)
2: for all scenarios s for |Xi| vertices do
3: S(i, D, s)← 0

4: j ← child of i
5: a← vertex being forgotten in Xi

6: for all scenarios s′ for |Xj | vertices do
7: s← signore(s

′, a) . Definition 12
8: S(i, D, s)← S(i, D, s) + S(j, D, s′)
9: G′ ← G∇D[Xj ]

10: s← sforget(s
′, a, G′) . Definition 11

11: S(i, D, s)← S(i, D, s) + xau∆rforget(s
′,a,G′)v∆nforget(s

′,a,G′)S(j, D, s′)
12: D′ ← D ∪ {a}
13: G′ ← G∇D′[Xj ]
14: s← sforget(s

′, a, G′)

15: S(i, D, s)← S(i, D, s) + yau∆rforget(s
′,a,G′)v∆nforget(s

′,a,G′)S(j, D′, s′)



Running Time. There are O(n) nodes i in the tree decomposition and for each of it at
most 2k subsets D of Xi. The number of scenarios (Line 2 of Algor. 2, Lines 2 and 6
of Algor. 3) is dominated by the number of pairs of scenarios (Line 8 of Algor. 2). By
Lemma 4, there are at most (2(3k+1)k/2)2 such pairs. Converting the scenarios (Line 9
of Algorithm 2 and Lines 7, 10 and 14 of Algorithm 3) takes time polynomial in k
(Sect. 5). Thus, the running time is at most

O(n) · 2k · 2 · (2(3k+1)k/2)2 · poly(k).

Theorem 13. Let G = (V,E) be a graph with n vertices. Let a nice tree decomposition
of G with O(n) nodes and width k be given, as well as numbers u, v and, for each
a ∈ V , xa, ya. Then Algorithm 1 evaluates the multivariate interlace polynomial C(G)
at ((xa)a∈V , (ya)a∈V , u, v) using 23k2+O(k) · n arithmetic operations. If the bit length
of u, v, and xa, ya, a ∈ V , is at most `, the operands occurring during the computation
are of bit length O(`n).

Proof. The time bound stems from the discussion above. The statement about operand
length follows as the degree of the interlace polynomial is at most n in each variable.
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